Abstract-Coupling between two collocated orthogonal circular thin-wire loops is analyzed in this paper. Two coupled integral equations for the loop currents are derived and their solution in general form is found in terms of Fourier series. Analytical expression for currents induced through the mutual coupling is obtained for the case when all loop current harmonics higher than first can be ignored. It is found that strong coupling can exist for all loop current harmonics, except for the fundamental. It is also found that coupling for orthogonal collocated loop antennas depends on the relative locations of the loop terminals.
I. INTRODUCTION

I
N MOST applications of antenna arrays different array elements can not be considered in isolation from other array elements. This is due to the fact that some electromagnetic energy emitted by one array element is captured by the others. Understanding this coupling of electromagnetic energy between different elements of antenna arrays is important in many applications [1] - [4] . Most antenna arrays have elements designed for specific wave polarization. It is probably for this reason that coupling between thin-wire circular loop antennas placed in parallel planes has been considered in the past [5] - [7] , while coupling between loops placed in orthogonal planes has not been discussed to our knowledge. With the increasing interest in compact complete polarization diversity antennas [8] , [9] , it becomes important to study coupling between collocated orthogonally oriented antenna elements.
In this paper, an antenna consisting of two collocated orthogonal thin-wire circular loops is considered as a model for a polarization diversity antenna and the coupling between the loops is analyzed. It is often assumed that collocated orthogonal antennas do not couple to each other. While this may be true in some cases, it is not true in general, as will be shown in this paper. We find that strong coupling can exist for the first and higher loop current harmonics. Since the magnitudes of these harmonics depend strongly on the electrical size of the loops, the size parameter plays an important role in the discussion of coupling. It is also found that coupling for orthogonal collocated loop antennas depends on the relative locations of the antenna terminals on the loops. The paper will be organized as follows. Firstly, the problem of coupling between two orthogonal collocated thin-wire loops will be formulated by deriving two coupled integral equations for loop currents. The solution of the coupled integral equations for the loop current harmonics will be given in terms of trans-impedance coefficients. In the subsequent section the problem of finding loop current harmonics will be considered when all but the fundamental and first current harmonics can be ignored. This problem admits a simple analytical solution in terms of trans-impedance coefficients. Using this solution it will be shown clearly how coupling between the loops depends on the relative locations of the loop gaps. The strength of coupling will be evaluated by numerically evaluating the trans-impedance coefficients. It is worth emphasizing that the main goal of the paper and of the mathematical formalism developed here is not only to determine the values of the trans-impedance coefficients, but also to reveal the structure of the trans-impedance and trans-admittance matrices and their dependence on design parameters such as location of the antenna gaps and loop electrical size.
II. GENERAL PROBLEM FORMULATION AND ANALYSIS
Consider a circular loop placed in the plane with its center at the origin of the coordinates, and an identical loop placed in the plane with its center also at the origin as shown in Fig. 1 
at
, while is driven by the electromotive force at . The wire radius is and the loop radius is . For thin-wire loops it is usually assumed that for a given wavenumber and . A parameter is frequently used to express the ratio of loop circumference to wire radius. Typically for thin-wire loops. The effect of mutual interaction of currents in the loops and will be discussed below. The subscripts and , defined by 1, 2, 1, 2, , will be used in place of subscripts 1 and 2. In this section, the problem of finding the currents in both loops is formulated in terms of coupled integral equations, by extending previous derivations performed for the case of parallel loops [6] , [7] . The electric field, the scalar and vector potentials satisfy the following relationship on both thin wire loops:
The tangential component of the electric field vanishes at the surface of the perfectly conducting wire loop for all values of the coordinate except in the narrow gap at across which a voltage is maintained. Mathematically this can be expressed by (2) where the subscript denotes vector components along loop . In terms of linear charge density and current along each loop, the scalar and vector potentials along the loop are given by
The origin of terms in (3) and (4) as well as the notation employed is explained below. The first terms on the right-hand side of (3) and (4) represent the effect of the field sources in each loop upon themselves, while the second terms represent the effect of one loop on another. Functions and in (3) and (4) can be interpreted as retarded potentials at point on one loop due to infinitesimal source on the same or on different loop. These functions are given by (5) and (6) where
are distances from the source points to the field points divided by the loop radius and (9) Equations (7) and (8) specify exact as well as approximate expressions for the distances. The approximate expressions have been found by averaging over and can be used to avoid integration with respect to in (5) and (6) . In principle, these approximations are not necessary. However, they do simplify numerical determination of the Fourier coefficients of the functions and without sacrificing accuracy for lower order harmonics (those for which the period is much larger than the wire diameter). For this reason, these approximations were frequently used before [6] , [7] , [10] and are also used in this work to carry out numerical simulations.
To derive the integral equations for the loop currents, the following continuity equations in both loops will also be employed: (10) From (3), (10), and from the fact that , it follows that:
Integrating (11) by parts transforms it into (12)
After substituting (4) and (12) into (2), the following coupled integral equations are obtained: (13) where (14) (15) Equation (13) can be viewed as the most general mathematical formulation of the main problem with which this paper deals. It is the problem of computing the unknown currents in two orthogonal circular thin-wire loops each excited by a voltage source across a single loop gap. Finding these loop currents will permit subsequent analysis of the coupling between the loops.
In this paper, as in many previous papers dealing with thin-wire loop antennas, the solutions to the coupled integral (13) will be sought in terms of Fourier expansions of the loop currents. For this purpose, the two kernel functions of the integral equations as well as the left-hand side of the integral equations also have to be expressed in terms of Fourier series expansions. To find the Fourier coefficients of the kernel functions specified in (14) and (15), the Fourier coefficients of functions and will be calculated and their relation to the Fourier coefficients of the kernel functions will be found.
The Fourier expansion of defined in (5) is given by (16) The Fourier coefficients of this function can be determined numerically or by approximate analytical methods [7] , [10] and [11] . However, even without detailed calculations, it is clear that the Fourier coefficients will reflect certain symmetry relations. Indeed, from (5) and (7), it is clear that
The above is equivalent to the following symmetry relation in terms of the Fourier coefficients:
The left-hand side of (14) can also be expanded into the following Fourier series:
Now, (14), (16), (18), and (19) can be used to obtain the following relation between the Fourier coefficients and :
Fourier coefficients for the second kernel function defined in (15) can be found in a similar manner, except now the coefficients will be functions of two variables requiring two expansion indexes. Firstl, the expansion of into Fourier series is given by (21a) where the subscript of the Fourier coefficients denotes the , and the Fourier coefficients above can be found according to Comparing (23) with (24) and using the facts that
and (26) we find the following expression for the Fourier coefficients of the kernel function (27)
In addition, certain symmetry relationships can be derived for the above Fourier coefficients. From (6), (8) and (22), the following can be shown to be valid:
Now, using (30) and (21b), the following relation can be shown to be true: 
For
, using (32) and (35), we find (37) Similarly, for , using (33) and (35) (38) The results obtained in (37) and (38) are important in that they show that no coupling occurs between uniformly distributed current in one loop and any other current harmonic in the other loop. In other words, the uniformly distributed current mode in one loop does not couple at all with the current in the other loop. This conclusion also agrees with physical intuition as the uniformly distributed current can create only field distributions that are invariant with respect to the rotation of the loop around its own axis. This means that electric fields cannot be induced by uniform loop currents and no net magnetic flux can be obtained in one loop due to a uniform current in the other loop.
Furthermore, using (32), (33), and (35) we obtain the following symmetry relations for the Fourier coefficients of the kernel function:
Equations (20) and (35) obtained above specify completely the Fourier coefficients of the kernel functions of the coupled integral (13). This makes it now possible to find the Fourier coefficients of the currents in the two loops. Writing these currents in the form (42) substituting (19), (24), and (42) into (13) and using symmetry relationship (36), we obtain (43) Multipling both sides of (43) by and integrating respect to from to , we find (44) Equation (44) is the Fourier transformed version of the coupled integral (13) and represents a modified version of the mathematical formulation of the orthogonal thin-wire loop coulpling problem. The Fourier transformation simply permits the conversion of the two coupled integral equations into a system of linear algebraic equations where Fourier coefficients of loop currents are treated as the unknowns. These linear equations can be written in matrix form as follows: (45) where is a 1 vector (46) and is a 1 vector (47) and (48) It is clear that matrix can be interpreted as the transimpedance matrix. In (48), and are diagonal matrices specified as follows: (49) while and are matrices defined by (50) where (51) Since can be viewed as the trans-impedance matrix, coefficients and can be viewed as trans-impedance coefficients describing the effect of various current harmonics on the voltage at the loop terminals. Furthermore, if we define the trans-admittance matrix of the system as (52) then the Fourier components of the currents in both loops can be found in matrix form as follows: (53) Formally, (53) is the solution of (44) for the loop current harmonics, and the effects of coupling between the two loops are imbedded in this solution. While the above result is quite general, it reveals little physics. For this reason the application of the general solution (53) to the case when the current harmonics above the first order can be ignored is considered in the following section.
III. COUPLING BETWEEN LOOP CURRENTS CONTAINING ONLY THE FIRST TWO CURRENT HARMONICS
Assume that the loop size is small enough ( ), such that only the first two harmonics of the loop currents are significant [10] . For coupling between loop currents containing only the first two Fourier components, using (35) through (41) and (48) If there were no coupling between the two loops the admittance matrix would have been purely diagonal with the diagonal entries equal to . In general, the diagonal entries of the admittance matrix differ from those of the isolated loop case and off-diagonal entries are present. It is therefore clear, that the coupling does occur in general. Substituting (54) through (59) into (53), we obtain the first two Fourier components of the loop currents, see (60) shown at the bottom of the page.
From (60), it is clear that in both loops, and , the fundamental harmonics of the loop currents, and , are the same as in the case of two isolated loops driven by the electromotive forces and , respectively. The first harmonics of the loop currents obviously differ from the first harmonics in the isolated loops. The difference can be attributed to the presence of currents induced by mutual coupling. Here, these currents will be called the coupling currents. From (60), the first harmonics of these coupling currents are found to be From the above expressions it is clear that when (66) and (67) there is no coupling current in either loop. Note that this condition occurs when the terminals of each loop cross the other loop. On the other hand, it is clear from (61) and (62) that for a different relative location of the loop terminals, coupling will occur.
Consider one special case as an example. In this case the loop terminals are located at , and the same excitation is applied to both loops ( ). Using (61) and (62), the first harmonics of the coupling currents in each loop are found to be:
From (64) and (65), the amplitudes of the first harmonics of the coupling currents relative to the first harmonics of the currents in the isolated loops are found to be:
The absolute values of the ratios in (70) and (71) have been calculated numerically and are shown in Figs. 2 and 3 , respectively, as functions of the loop's electrical size, where These figures clearly demonstrate that the effects of loop coupling on loop currents can be significant.
The total coupling current distributions in each loop are found by substituting (68) and (69) Notice that the coupling current in loop is an unbalanced current (its direction is the same at both ends of the loop's terminal gap ). However, this unbalanced current exists only within loop , but vanishes at the gap and for this reason cannot be measured. At the terminals of loop ( ), however, the coupling current reaches a maximum and is measurable. Thus, the effects of mutual interactions, in general, are not the same for the two loops and depend on the relative locations of the terminal gaps.
IV. CONCLUSION
In summary, coupled integral equations in (13) for currents on two circular collocated orthogonally oriented thin-wire loops have been derived and a method for finding the loop current harmonics has been developed. Currents in both loops have been found analytically on the basis of this general formulation for the case when higher than first-order harmonics can be ignored as shown in (60). The effect of mutual coupling between two collocated orthogonal loops has been evaluated by comparing the actual currents in this case to loop currents that would have been obtained for isolated loops [see (64) and (65)]. It has been found that, in general, coupling between orthogonal collocated loops is nonzero [see (54) through (59)]. Zero coupling is found between the fundamental harmonic in one loop and all other harmonics in the other loop, for loops of all possible electrical sizes.
However, significant coupling is found between the first-order current harmonics in the loops. These harmonics become important when the circumference of the loops exceeds roughly 0.1 wavelengths. Interestingly, it is found in this paper that the coupling depends on the relative positions of the loop terminals. When the loop terminals coincide, coupling for the first two current harmonics is zero, when all other harmonics are neglected. For this reason, the electrical feeding arrangement will also play an important role in the design of antennas based on collocated orthogonal wire loops.
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